Synthesis of landscape evolution based upon the actual processes of transfer of energy and material is difficult, because the hydraulics of erodible channels are not fully understood. Previous workers have utilized variance minimization postulates to derive certain hydraulic relations, but these have been unsatisfactory because of the lack of a mechanism for variance minimization. This study examines the validity of the variance-minimization principle through an investigation of the changes in the longitudinal distribution of the bed-shear~stress components over a two-month period in two reaches, one meandering and one straight, of a rapidly eroding supraglacial stream. During this time the coefficients of variation of bed shear stress, skin resistance, and form resistance decreased in both reaches. Except for skin resistance, the values were lower for the curved reach than for the straight. Spectral analysis of the paths of the reaches and of the stress distributions indicates that the scale of the regularities decreases with decreasing discharge. Cross-spectral analysis of the shear-stress components on different dates indicates that in the curved reach, the locations of the minimum shear stresses at the end of the summer coincide with the locations of the maximum skin resistances at the beginning of the summer.
whereby river-channel adjustment is constrained by the minimization of the variances of one or more parameters, is so examined in this paper, to see whether the channel adjusts over time in accord with any variance-minimization principle.
THEORY OF MINIMUM VARIANCE: BACKGROUND AND PROBLEMS
The variance-minimization principle has been presented in the geomorphological literature in two forms: (1) minimization of the variance of certain variables as measured at different cross-sections along a reach of a river (Langbein and Leopold, 1966) ; (2) minimization of the sums of squares of combinations of the exponents in the hydraulic geometry relations (Langbein, 1964 (Langbein, , 1965 Maddock, 1969) .
Both Gilbert (1880) and Mackin (1948) held that a river profile should smooth itself through time, by eroding material over sections where slope is steepest and depositing where slope is least, and thus they implicitly supported the concept of longitudinal minimization of variance. Langbein and Leopold (1966) measured bed shear stress and the Darcy-Weisbach resistance coefficient (also called friction factor) over both straight and meandering reaches of five streams below the Wind River Range in Wyoming, and found in all cases that the sums of the squared coefficients of variation of these two factors, as measured along the channel, were less over the meandering reaches. This they interpreted as evidence that meandering represents a condition closer to equilibrium. They gave, however, no rational reasons, based either upon theoretical principles of erosion and deposition or upon experiment, for their choice of variables.
The first explicit statement of the variance minimization principle was given by Langbein (1964) in his attempt to derive the values commonly observed for the exponents in the "hydraulic geometry" relationships, whereby many stream parameters (for instance, width, depth, velocity, slope, sediment load) are expressed as power functions of a single independent variable, usually discharge (Leopold and Maddock, 1953) . By minimizing the sums of squares ("variances") of selected combinations of exponents, he was able to arrive at solutions which resemble typical values from field measurements. Maddock (1969) extended Langbein's concepts by analyzing a variety of independent and dependent variables under different constraints. He considered the principal constraint to be the joint minimization of the variances of bed shear stress and the friction factor, and by using this, he was able to develop solutions for a variety of conditions, which compared favorably with experimental data.
The papers by Langbein and Maddock have been criticized for the many ad hoc assumptions in the analyses (Kennedy et al., 1964; ASCE, 1971) . Neither author presented any concise guidelines, or derivations from mechanical principles, for determining which variances are to be minimized. Instead, the factors were selected because the results gave answers close to the values of the exponents in the hydraulic geometry. The strength of such evidence is questionable. Since the continuity constraint requires such exponents to sum to one, it is not surprising that there is some general similarity. Moreover, considerable dispersion among the exponents exists, even along rivers where all cross-sections are in similar material (Dozier, 1973, pp. 15 and 16) . Woldenberg (1966) has shown that the allometric growth equation has a power function solution, but he overlooks the fact that the corollary is not necessarily true; that is, a power function relationship does not necessarily imply an allometric generating process. All this suggests that any conclusions about the theory of minimum variance which are supported only by the data of hydraulic geometry are likely to be unsatisfactory. What is needed is a more direct evaluation based upon processes of erosion and deposition. Cherkauer (1973) provided a helpful step in this direction when he found that Langbein's constraints described base-flow conditions of a pool-riffle reach of the Treia River in central Italy. But because his measurements were limited to base-flow discharge, when virtually no sediment transport took place, his analysis also lacks any consideration of a mechanism for adjustment.
The approach taken by Langbein and Leopold (1966) , from measurements along the channel at approximately the same time, offers more room for exploration than the hydraulic geometry approach, as the analysis is not dependent on the power function relationship of the dependent variables to discharge, nor upon their log-normal distribution. This study therefore examines the variance of selected factors over two reaches of a supraglacial stream, and asks whether any variance minimization principle can explain the change of these variances over time. Also considered is a mechanism by which variance minimization might take place.
DEFINITION OF VARIANCE
In this paper the square of the coefficient of variation is used as a measure of dispersion:
Such a measure allows direct comparison of the dispersion of different samples with different means, Langbein and Leopold {1966) also used this measure, although they simply called it "variance".
CHOICE OF VARIABLES
Water flowing in a channel exerts a shear stress on the walls and the bed.
The mean bed shear stress r0 is equal to pgRS, where p is the fluid density, g the gravitational acceleration, R the hydraulic radius, and S the energy slope. The derivation can be found in many texts (for example Leopold et al., 1964, pp. 156 and 157) . The bed shear stress can be thought of as the potentialenergy loss per unit length per unit volume. Sometimes it is expressed instead by the "shear velocity" u., which is equal to (gRS) 1/~ and has the same dimensions as velocity.
Since neither the stream's kinetic energy nor ice nor water temperature (~ 0°C) changes, this loss of potential energy is available to melt the bed. Not all of it actually is used for thermal erosion in the short section of a reach over which To is measured, apparently, as energy is also expended in turbulence and secondary circulation. Since this turbulence is dissipated as heat, it eventually will be used for thermal erosion, but at an indeterminate distance downstream. Einstein (1950) attacked this problem heuristically by assuming that the mean bed shear stress T0 is divided into a "grain" or "skin" component To' and a "form" component r0", such that:
where R = R' + R". point out that a "spill" resistance comprises part of the form component. As water flows around a bank projection, a raised water level is created on the upstream side and a lower one on the downstream side. At low velocities adjustments between flow depth and velocity head take place so that the energy slope remains constant, with no energy loss specifically attributable to the obstruction. As velocity approaches the speed of wave propagation this adjustment ceases to be possible; the high velocity upstream impinges on the lower velocity downstream, and this spill resistance leads to additional dissipation of energy. Apparently this occurs locally even if the river flow as a whole is subcritical.
In order to calculate R' for a smooth-wall channel, Einstein (1950, p. 10 ) presented an equation, adapted from Keulegan (1938) for the ratio of mean velocity in a cross-section to the skin component of shear velocity: ~/u. ' = 5.75 1°log (3.67 R 'u,'/r) 
where p.' equals (gR'S) 1/2 and v is the kinematic viscosity. If ~ is known, the equation can be solved iteratively for R'. This division of the hydraulic radius, while heuristic, has provided an excellent method for calculated bed-load sediment transport in streams, as it separates the energy lost at the bed from that lost by other means [see Graf (1971) for comprehensive summary]. Here the assumption is made that To' provides a good estimate of the energy transferred directly to the supraglacial stream bed, although eventually all of To is converted to heat. Thus the rate at which a stream erodes the underlying ice is related to To. The mass of ice eroded per unit time is To Q/G, where Q is the discharge of the stream and ~ is the latent heat of fusion of ice. Unlike ordinary sediment transport, no threshold should exist. This erosion can take place laterally as well as downward, as the common under-cut banks on the outsides of bends attest (Fig. 1} . Although the average rate of erosion is related to T0, any local control that exists is due to r0', because of the downstream lag that results before the heat resulting from T0 is transferred to the ice.
The mechanism envisioned for variance minimization is similar to that of Gilbert (1880, pp. 117 and 118) , except that it implies that depth as well as slope may adjust. Erosion at places where the skin component of bed shear stress is highest, should decrease the slope there, reducing the shear stress. As slope decreases, however, depth increases, and it is possible to have uniform bed shear stress without either uniform slope or depth. The stream, 0.3--0.5 m wide, was first observed early in June as a slush flow when the glacier was still covered by n~v~. Channel development began on a sinuous trip of ice bared by the slush flow. As there was no evidence of a remnant channel, the stream was probably of the annual type, as opposed to the perennial, in Ewing's (1972) classification. The stream incised about 0.3 m into the glacier before the snow had melted from the nearby glacier surface but never became appreciably deeper, maintaining an approximate equilibrium with the rate of downwasting of the glacier, which amounted to over 2 m in 6 weeks. Slope in the area was about 0.23.
The curved and straight reaches of stream were examined twice during the summer, on 19--20 June and 3--4 August to see if: (1) the dispersion of the bed shear stress and its skin and form components decreased over time; and (2) the dispersion was smaller for the curved reach than for the straight reach, as was demonstrated by Langbein and Leopold (1966) to be the case for five streams in the foothills of the Wind River Range.
Each reach was 18 m long; the straight reach was about 30 m upstream from the curved reach, but no tributaries entered the stream between them. At 13 cross-sections along each reach the following variables were calculated from profiles of the cross-section: cross-sectional area, wetted perimeter, and hydraulic radius• Average velocity over the entire reach was measured by timing floating matchsticks and multiplying by the correction factor 0.8 (Matthes, 1956 ) and mean velocities for each cross-section were calculated from continuity considerations (Dozier, 1974, p. 193 ).
ANALYSIS OF DATA
For each reach in each measurement period, the squares of the coefficients of variation of total bed shear stress and it components were computed. The squares of the coefficients of variation of the Darcy-Weisbach friction factor (f = 8gRS/u 2) were also calculated, in order to compare the results to those of Langbein and Leopold (1966) Table I . Table I . Because flow was always supercritical, with Froude numbers between 2 and 3, the spill resistance was very large, comprising the major portion of the total bed shear stress. The data in Table I demonstrate two important results: (1) on each date, the variations in total shear stress, spill resistance, and the friction factor were smaller for the curved reach than for the straight reach; (2) during the summer all of the variations were reduced, except for that of the friction factor of the straight reach. The first result is an extension of the findings of Langbein and Leopold (1966) for ordinary streams. They did not attempt to divide the total shear stress into its components, however, so my result of smaller variation in skin resistance in the straight reach cannot be compared with their findings. The second result indicates that a stream which can erode its bed at all discharges indeed adjusts in accord with some variance minimization principle. Amounts of incision averaged 2.1 m in the curved reach and 2.2 m in the straight reach; squared coefficients of variation were 0.004 and 0.006, respectively. Theoretical incision rates would vary from 0.7 to 5.0 • 10 -~ m s -i, while ablation rates on the glacier surface varied from 0.6 to 2.0 • 10 -6 m s -1. Thus about 75--80% of the downcutting was due to heat transfer by climatic processes: solar radiation penetrating the flowing water and sensible heat exchange between the water and the air.
REGULARITIES IN THE VARIATIONS OF STREAM PARAMETERS
Although evidence presented in the previous section indicates that variations in bed shear stress are reduced through time, the question remains as to how far this reduction would continue. There is ample laboratory and field evidence to indicate that stream channels adjust so that some of their variations are regular. Commonly cited examples of this are meanders, pool-riffle sequences, and deflections of the thalweg in straight channels. Clearly any examination of longitudinal variations in bed shear stress in a river should include analysis of any regularities that might exist.
Spectral analysis, using the Fourier transform, was carried out on the total bed shear stress and its two components for both reaches of the supraglacial stream on both dates. Because bed shear stress is measured over short sections of a reach, the original data can be considered a step function (Fig. 5) . Lanczos (1966, p. 37) gives equations for calculating the Fourier coefficients of a stepfunction directly, without digitizing the data at regularly spaced intervals:
where i 2 = -1 and F[k] is the complex Fourier coefficient for harmonic k. The step-function can be approximated as closely as desired by increasing the number of coefficients. A smooth approximation results by calculating one coefficient for every two steps. In the complex version, choosing the number of coefficients to equal an integer power of 2 allows the well-known economies of the fast Fourier transform to be used in subsequent calculations. A FORTRAN subroutine for the fast Fourier transform can be found in Robinson (1967, pp. 63 and 64) . The complex Fourier coefficients were smoothed once by the "sigma" method to suppress high-frequency oscillations (Lanczos, 1961, 1A, 1~, 1~ ). Since the sum of the power spectrum estimates equals the variance, each of them can be expressed as a proportion of the total variance, and these are called the power spectral density estimates. The conventional autocorrelation function is calculated by taking the inverse Fourier transform of the spectral density function (Jenkins and Watts, 1968, p. 218) . Graphs of the power spectra and spectral density and autocorrelation functions for the data of Fig. 5 comprise Fig. 6 . In all cases the spectra for the form component of bed shear stress were virtually identical to those of total bed shear stress and so have been omitted from Fig. 6 for sake of clarity. In the curved reach the spectrum of the skin component of shear stress peaks at higher frequency than that of total bed shear stress. Moreover, the higher frequencies account for more of the variance in August than they do in June, and this is interpreted as an effect of the decreased discharge, whereby the spacing between regularities decreases. In the straight reach the spectra are flatter in June and are more concentrated in the lower frequencies in August, in comparison to the curved reach. The higher frequency regularities in the curved reach, which are absent in the straight reach, correspond to a wavelength of 3--6 m, or 9--15 channel widths, as measured along the stream path. The longer of these corresponds to the average channel length of a meander, as there were three meanders in the 18-m reach.
The planimetric path of the stream was also analyzed by spectral techniques. River paths are not normally expressed in the conventional x--y coordinate system, because a univalued function will not always result. Instead, the direction angle ¢, with reference to the mean downstream direction, is expressed as a function of the distance s along the channel from some arbitrary starting point. Spectral analysis of the paths of ordinary rivers has shown that the normal geomorphological term "meander wavelength" is usually subjectively chosen and often meaningless, because in most rivers a number of regular wavelengths exist (Speight, 1965 (Speight, , 1967 Thakur and Scheidegger, 1970) . Ferguson (1973a) has summarized various theoretical models of the general form that the function ¢ = f(s) should take. The general class of curves for the most probable path on a plane is an elliptic integral (Von Schelling, 1964) . This can be closely approximated by a "sine-generated" curve, whereby the direction angle is a sine-function of the distance along the path. Sinegenerated curves correspond to the paths of individual meanders in a variety of North American rivers (Langbein and Leopold, 1966) .
Where reach lengths are longer than just one meander, however, a single harmonic trigonometric function does not adequately describe a river's path. It is necessary to use the sum of many harmonics, a Fourier series, from which the power spectrum can be calculated. The procedure is greatly simplified by the use of eq. 5, for calculating the complex Fourier series of a step-function. The river path must be digitized, and the points must be spaced sufficiently closely so that the path is essentially straight between any two points. They need not, however, be equally spaced. Furthermore, the direction angles between points are calculated from an inverse trigonometric function, instead of being measured with a protractor, and the method seems far less laborious than the previous approaches (e.g., Speight, 1965 Speight, , 1967 Thakur and Scheidegger, 1968) . Given a set of points along the channel designated by x--y coordinates The angle ~ of the channel between any two points can be obtained from any of the three common inverse trigonometric functions, for example:
These are then standardized to a mean of zero, so that the ¢'s represent deviations from the mean direction. The resulting step-function can be transformed into a mooth curve by the use of eq. 5. Fig. 7 presents the data, direction angle as a function of channel distance, for the curved and straight reaches on 20 June and 3 August. Fig. 8 presents the power spectra and spectral density and autocorrelation functions. In the curved reach the third harmonic (frequency 0.164 cycle m -1) accounts for most of the variance, but this is hardly surprising since the reach included three meanders. The peak at this frequency is more pronounced in August. The same frequency also accounts for most of the variance in the straight reach, even though here the deviations from the mean path are much smaller. Another interesting result is that on 3 August the sixth harmonic (frequency 0.328 cycle m -1) assumes slightly more importance in both reaches. This is interpreted as a scale effect of the decreased discharge. As flow decreases, the spacing between regularities in the bed shear stresses and direction angles also decreases. The frequency changes are not striking, because of the residual effects of higher discharges, but the spectra support the viewpoint that stream channels are a result of the whole range of flow magnitudes, and not created solely by some "dominant discharge".
CROSS-SPECTRAL ANALYSIS OF PLANIMETRIC PATH AND BED-SHEAR-STRESS COMPONENTS
To explore the relationship between the direction angle of the supraglacial stream and the longitudinal distribution of the various components of bed shear stress, and between these variables on different dates, the cross-spectra were calculated from the Fourier coefficients (see Jenkins and Watts, 1968 , for methods). The cross-spectrum estimate C12[h], between series 1 and 2 at harmonic k, is a complex number equal to the product
The cross-correlation function may be obtained by taking the inverse Fourier transform of the cross-spectrum and dividing by the square root of the product of the variances of the two series. The cross-spectra were smoothed once with the elementary binary filter, and from these smoothed estimates the squared coherency spectra were calculated. The squared coherency estimate [k] between two series at harmonic k is analogous to a squared correlation coefficient at that frequency; it is calculated by:
R~22
The phase angle • 12 [k] at frequency kit (where T is the window length) represents the average distance, in radians, between the maximum of variable 1 at that frequency and the maximum of variable 2 (or minimum if the maximum absolute value of the cross-correlation function is associated with a negative cross-correlation). It is equal to the argument of C12 [k] :
The phase shift ~s~2[k ] is the actual distance, in meters in this case, represented by the phase angle:
The upper and lower 95%-confidence limits associated with the phase angle ~12 [k] are given by Rayner (1971, p. 89 
where F[2,~-2;0.05] refers to the F distribution with two different degrees of freedom at the 95%~onfidence level. From the confidence limits of the phase angle, the confidence limits of the phase shift can be calculated by eq. 8.
Direction angles and bed-shear-stress components
In examining the cross,spectra between deviation angles and bed-shear-stress components, it is important to realize that the minimum values for the direction angles represent large deviations fromthe mean downstream direction, and the maximum values also represent large deviations. This is not true for the bed-shear-stress components, where the minimum values represent smaller magnitude stresses: For this reason, the direction angles used in this portion of the analysis were converted to their absolute deviations from the mean. Bed-shear-stress components on different dates values of the June r0'. The straight-reach relations are similar, but the crosscorrelations are not as strong. It seems that the increased local erosion from the concentrations of the skin resistance in June create areas of low totalenergy expenditure in August.
CONCLUSION
The major result presented in this paper is the field demonstration of minimization through time of the squares of the coefficients of variation of bed shear stress and its skin and form components in two reaches of a supraglacial stream. The two reaches differed in planimetric shape, one being curved and the other straight. Except for the skin resistance, variations were lower for the curved than for the straight reach, partially conforming to the results of Langbein and Leopold (1966) for five streams in the foothills of the Wind River Range, Wyoming.
Power spectra of the planimetric path, bed shear stress, and skin resistance indicate that as flow decreases, the higher frequencies account for increased proportions of the variances. This reduction in the spacing of regularities is partially obscured by residual effects in the channel from previous high flows. The cross-spectra indicate that the skin component of bed shear stress is the variable which is correlated best with future distributions of energy losses.
